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Z. Naturforsch. 36a, 261-271 (1981); received December 8, 1980 In preceding papers the nonlinear spinor field with Heisenberg's dipole regularization was interpreted as a lepton-quark system. In this paper it is demonstrated that this model is able to produce electro-weak as well as strong interactions. For the analytical derivation of these inter actions, in Section 1 an improved calculation technique for scattering functionals is developed which corresponds to an interaction representation of relativistic quantum fields with inclusion of bound states, and which is suited for a comparison of its results with conventional field theories, in particular gauge theories. In Section 2 the projection technique from the spinor field into the lepton-quark representation is discussed in detail. The principle which allows the derivation of the various interactions consists in the calculation and incorporation of universal (local) bosons and non-universal (non-local) bosons occuring as bound states of the spinor field, resp., leptonquark fields, into the scattering functional equation. This is performed for local bosons in Section 1 and for non-local bosons in Section 3. In Section 4 it is shown that a subsequent unitarization which corresponds to quark confinement leads to selection rules for lepton-baryon processes which qualitatively correspond to those of grand unification gauge theories. Numerical calcula tions will be given in subsequent papers.
Functional quantum theory is a new formulation of quantum theory and a new field theoretic calculational procedure which allows the treatment of quantized fields with positive metric as well as with indefinite metric beyond perturbation theory. It was developed by Stumpf and coworkers, cf. Stumpf [1] . In particular, it was devoted to the evaluation of a consistent calculational formalism for Heisen berg's nonlinear spinor field equation with dipole ghost regularization, cf. Heisenberg [2] . For the theoretical evaluation of this model by means of functional quantum theory and for a proper physical interpretation of the corresponding calculational re sults, the physical meaning of this model must be explained and this explanation mainly depends on the interpretation of the one-particle sector of the spinor field.
In the original version of Heisenberg, the physical one-particle states of the spinor field were assumed to represent nucleons, while the leptons were some times identified with the regularizing dipole ghosts, cf. Heisenberg and assumed the leptons to be the physical particles and the quarks to be the dipole ghost particles. Both versions, however, were only vaguely formulated and no hint was given with respect to an analytical evaluation of the idea. In particular, no attempt was made to establish separate dynamical laws for both kinds of particles with quark confinement and to derive the hierarchy of interactions in such a model. In a recent note Stumpf [5] proposed an analytical method for the derivation of a leptonquark dynamics from the fundamental spinor field including quark confinement, and in a subsequent paper Stumpf [6] formulated the fundamental spinor field equation for two fermion generations and drew first conclusions from the model in the framework of functional quantum theory. In particular, it was demonstrated that the local (electro-weak) bosons, which arise as bound states of the spinor field, are universally coupled to leptons and quarks, and that the lowest order of electroweak fermion-fermion scattering formulae of gauge-coupling theories can be reproduced with the spinor field formalism, at which boson masses and coupling constants are calculable quantities. In this paper we introduce an improved scattering functional calculation tech nique and an improved lepton-quark projection for malism and by means of this method we discuss the 0340-4811 / 81 / 0300-275 $ 01.00/0. -Please order a reprint rather than making your own copy. derivation of strong and electro-weak interactions in the framework of functional quantum theory for the spinor field model. The derivation of the cor responding dynamical equations etc. in the follow ing sections is strictly deductive. However, the for malism of functional quantum theory will not be repeated here. Rather we refer to Stumpf [1] (and preceding papers), Stumpf [5] , and Stumpf [6] , which will be denoted in the following by I, resp. II and III.
Calculation o! Scattering Functionals
The derivation and the evidence of the various forces, resp. interactions, between elementary par ticles depend on the analysis of elementary par ticle, resp. particle scattering processes. Hence for the theoretical discussion, scattering states have to be calculated and analyzed. Concerning functional quantum theory of the nonlinear spinor field, all particles and all elementary particles have to be considered as bound states of the fundamental field. Therefore, in this type of theory scattering processes as a general principle have to be calculated only between bound states. On the other hand, for a comparison with the results of conventional coupling-field-calculations, which are mainly done in the interaction representation, a functional calcula tion technique for scattering between bound states is needed which easily reproduces the results of these theories. Hence it has to be expected that a functional interaction representation for bound states will solve both requirements.
In the development of functional quantum theory, various calculation techniques for scattering func tionals have been proposed and discussed. In the recent discussion of such calculational techniques, the formation and separation of the self-energy of local fermions (pointlike physical particles) as a first step of the calculational procedure has played the main role. In contrast to this effort, the local and non-local bosons play the main role for an analysis of the forces and the comparison with conventional coupling theories. Hence it is appropriate to post pone the problem of the formation of local fermions as bound states of the spinor field and to start with a Lagrangian, resp. a spinor field equation, where the formation of the local fermions has already been incorporated. Such an equation corresponds to a spinorial version of the Froissart model, Froissart [7] , where a nonlinear spinor field interaction term has been added. Equations of this type where studied by Dürr [8] , however, not with respect to the model and the functional techniques which we use here.
For a first discussion of the hierarchy of forces we do not need the complete model of III for two fermion generations. Rather we can restrict our selves to the model of II with a single lepton-quark pair. The corresponding field equations read where G and V are the superspinor quantities cor responding to the ordinary Dirac matrices Gß = yß and the vertex V. For the solution of Eq. (1.4), Stumpf [9] has proposed a solution procedure, cf. also I. In this paper we will generalize and improve this method in order to obtain a functional inter action representation for bound states. In order to derive appropriate scattering func tional equations, we observe that due to the gaugein variance of Eq. (1.1) with respect to phase changes = exp(ia)4»(a;), a conserved fermion number q can be introduced which allows a unique definition of a ^-fermion sector. If scattering processes in the o-fermion sector have to be considered, we assume that the application of D (x2) 8 (#2) • • • D (xQ) 8 (xQ ) to Eq. (1.4) leads to an appropriate starting point for scattering calculations. We demonstrate for the case q = 2 that this assumption can successfully be evaluated. For q > 2 the treatment runs on similar patterns. In the two fermion sector we obtain by applying Dxv(y) dv(y) to (1.4) and repeated use of (1.4) {Dyv(y)dv(y)D0Lß(x)dß{x) + [Dxv{y) dv{y), ßyödß{x)dy(x)dö{x)]+ + VoLßy6dß{x)dy(x)dd{x) txvadv{y)dE{y)di{y)} | g(?',a)> = 0.
(1.7)
Putting F(x -x') = FXx' etc. and observing FX x -0 we can directly evaluate the commutator in (1.7). This leads to
where equal coordinates between F and j mean integration. For the further evaluation of (1.7) and (1.8) the relations
and Gaß( z -x ') D ßy{x') = <5a vö { x -x ') (1.10) cf. Pouradjam [10] , have to be observed. Due to ,Fa/s(x) = -Fßix( -x) we obtain for (1.8)
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(1.11)
In analogy to the solution procedure given in I, also in the generalized version a separation of the operator of Eq. (1.7) into diagonal and non-diagonal terms is needed. This gives for (1.11) the decomposition
where Ni (x, y) contains the non-diagonal operators. Since in our general discussion the special dependence on the algebraic degrees of freedom does not play an essential role, we shall use in the following a symbolic notation. In this notation we write (1.12) in the form
(1.13)
Concerning the third term in (1.7) we perform a normal ordering with respect to j(x) and S(rr). Decompos ing into diagonal terms and non-diagonal terms we obtain in our symbolic notation
(1.14)
With (1.13) and (1.14) Eq. (1.7) takes the form
We now apply G of (1.10) to (1.15) with respect to x and y and obtain with |3 ( * ,y )> := 6 ( s )6 ( y ) |3 0 > ) > (1-17)
for Eq. (1.15) the expression
where | %(x', y')}o is a solution of the equation
Fourier-Transformation of (1.18) and suppression of the tilde for the Fourier-Transformed quantities lead to the equation using the definitions (1.28)
(1.29)
In this form the exchange of local bosons, which are universally coupled to all pointlike fermions is directly incorporated in the functional interaction term. I.e. if now an interaction representation for the fermions is used, bound local boson states are included in the mutual fermion-fermion interaction.
Functional Lepton-quark Representations
As was emphasized in II, the field operators of the spinor field ip(x) contain an unobservable mix ture of lepton-and quark-field operators. Hence it remains the problem of the formulation of separate dynamical laws for both kinds of particles. We relate the solution of this problem to the definition of the hierarchy of interactions. We observe that as long as the interactions of the fermions with universal (local) bosons are considered, there is no need for a theoretical separation of both kinds of particles in the dynamical law. If, however, interactions are considered which are not mediated by universal bosons, the dynamical laws for both kinds of par ticles must be formulated separately. From this we conclude the principle:
i) The boson states which mediate universal inter actions must be incorporated into the dynamical laws before projection into the lepton-quark rep resentation.
ii) The boson states which mediate non-universal interactions must be incorporated into the dy namical laws after projection into the leptonquark representation.
That this principle leads to a distinction, for in stance, of electro-weak and strong interactions, will be demonstrated in the following. Concerning i) we already have incorporated the universal bosons into the dynamical law, namely the functional equation for the scattering functional in the first section. As we assume that by this procedure all universal bosons have been considered, we now have to per form the next step, namely the projection of the dynamical law, i.e. the scattering functional equa tion, into the lepton-quark representation. In order to do this we will improve the projection method given in II. We observe that the complete theoretical formalism applied to the spinor field is formulated in an interaction representation with respect to the fermions; i.e. the fermion propagator is assumed to be identical with that of the free lepton-ghost field, cf. I, which should be justified by a subsequent selfconsistency calculation. I t is therefore natural to derive the projection technique by means of this interaction representation, too. From (2.6) it can be seen that l(x) propagates as a real particle field, while q(x) exhibits pure ghost propagation with no interference between the l(x) and the q(x) field. For the transition into the lepton-quark represen tation the projection properties of (x) with respect to these fields are needed. To derive these properties we perform a decomposition of ij> (x) into completely free fields Ao(x) and Bo(x) with the field equations (-»8 + /j)AQ(X) = 0 , (-i8 -j-ro) Bo(x) = 0.
(2.8)
According to Pouradjam [10] we obtain ip {x) = A0{x) -a Bq(x) --xvdv)A 0(x) (2.9)
as the general solution for of the system (2.2). With (2.3) and (2.4) the projection of into the lepton representation is given by ( -i b + ju)2< \> (x )= -(llx )l(x ) (2.10)
while the projection into the quark-representation gives by means of (2.3), (2.4), (2.8), (2.9) the ex pression
By comparison of (2.3) and (2.9) the quark field has to be identified with q (x) = A0 (x) -a (X -x> e") Ao (x) . (2.12)
The inconvenient term juAo(x) on the right-hand side of (2.11) can be removed if it is observed that the equations for 4» (x) and q (x) are gauge invariant with respect to the addition of Ao (a;)-fields. I.e. with tj>0r) and q{x) also 4»'(a;) = 4» (a;) -f a!A 0(x) and q'(x) = q(x) + Ü2 Ao(x) are solutions of the equa tions
If an arbitrary solution (x) is given which leads to (2. The formulae (8), (10), (11) of I can directly be recalculated to give (2.15) and (2.16). However, in contrast to I, no reference with respect to corre sponding states of the linear field is required. In the following we shall use (2.15), (2.16) as a convenient starting point for the transformation into the leptonquark representation. First of all we have to rewrite the state functional (1.2), resp. (1.3), into the lepton-quark representa tion. To achieve this, we observe the identity i\>(x) = (Do\Z(x)jx\>(x')j(x')d*x'\Do> (2.17) which has to hold in both representations. This can be secured by replacing in the lepton-quark repre sentation the expression ( The propagator F 1 -(x) follows from the anticommutator by an appropriate change of the integration path in the momentum representation, but has the same Fouriertransform. Hence from (2.6) and (2.7) it follows that the propagator is diagonal with re spect to the lepton-quark indices, i.e. result and these equations can be used for the derivation of the corresponding functional equation in the usual way. By application of the transforma tion (2.15), (2.16) to the nonlinear Eq. (1.1), the mapping of the original spinor field onto the leptonquark fields produces a unique map for the corre sponding field equations, but the map is not biunique. As the original spinor field has no physical meaning, this loss of a one-to-one correspondence is no drawback for the theory. On the other hand, a map which secures the one-to-one correspondence of the corresponding equations can easily be achieved by considering the equations
and applying the transformation (2.3). We do not discuss such a bi-unique map in more detail, since we prefer to work with the transformation (2.15), (2.16) and the corresponding Equations (2.23). In addition, we shall directly transform the functional equation by (2.15), (2.16) and we will not fall back upon (2.23) for the transition to the lepton-quark representation.
Universal and Non-universal Interactions
According to our program, in this section we per form the incorporation of the non-universal bosons into the scattering functional equation leading thus to non-universal interactions. In order to achieve this we must explicitly introduce the lepton-quark representation of the scattering functional equation. by explicit construction of the corresponding resolvent. Owing to the properties of the kernels and the inhomogeneous terms which follow from (1.28) and (1.29), we may separate the center of mass momentum by introduction of center of mass coordinates sc, 5r , resp. pc, pT, cf. I l l (2.19), and obtain from (3. <1 fa where R(scsT, scpT)D~1(sc) is the general resolvent operator and D(sc) the secular polynom, which determines by its zeros the eigenvalues of the corresponding homogeneous equation. Equation (3.5) can be rewritten in the form Tl 11 l* <1 ti , ii it . " R ($1 Pi P2) , ii »* I 5 (Sl 82)> = I 3 (^1 *2)> + J Ö (5i + S2 -P i -p2) p { s i ' s2) I 3 (Pi P2)> d4Pi d*p2 .
(3.6)
A more detailed inspection of the homogeneous equation shows that it describes non-local boson states. These states depend on the special lepton-quark combination, since the kernel of (3.3), resp. (3.4), de pends on ii and i2-Hence in general we have to expect (Z@/)-bosons, (Z(x)<7)-bosons and (q($)q)-bosons, which have different masses and eigenstates and which are non-local, as the resolvent operator is a non local quantity. In analogy with the treatment of local bosons we may, however, still express the resolvent by a sum of non-local boson propagators, i.e. we may write
Then Eq. This resolvent operator can now be applied to Equations (3.2). We define the matrix and obtain from (3.2) by application of (3.7) the equations Obviously the symmetry of the interactions between the lepton-sector and the quark-sector has been destroyed by the non-local bosons, since their properties depend on the special representation. Hence the non-local bosons mediate interactions which are non-universal, i.e. depend on the special sector under consideration. The meaning of these non-universal interactions, namely their interpretation as strong interactions, will be discussed in the next section. In this section we will conclude our formal analytical investigation of the scattering functional equation by the derivation of a solution procedure which cor responds to an interaction representation with inclusion of bound states. We write Eq. The general solution (3.16) describes processes in the two-fermion sector at which leptons as well as quarks interact by exchanging electro-weak as well as strong bosons with a mixture of both exchange types in any order. Thus it corresponds in its range of application to gauge theories with grand unifica tion. A comparison will be given in the following section. Higher fermion sectors which include the formation of bosons or of fermions as quark ag gregates can be treated in a similar way. However, the calculational effort increases considerably. Fi nally it should be remarked that the results for the lowest order universal fermion-fermion scattering of III can easily be reproduced with (3.16).
Conservation Laws and Unitarization
Provided that the vertex operator Vußyö is chosen in an appropriate way, the basic field equation is forminvariant with respect to Poincare-transformations and with respect to an U\-gauge of the first kind of phase changes of the spinor field operator. While the Poincare-forminvariance of (1.1) leads to the conservation laws of fourmomentum, mass and spin of the total system, the gauge group ad mits the definition of a conserved fermion quantum number, which allows the decomposition of the state space into fermion sectors with a definite fermion number. If the full equation for two fermion gen erations is used as in III, which includes electroweak isospin, then, in addition, a conserved charge quantum number can be defined. As the functional state space reflects the transformation properties of the ordinary Hilbert space of the theory, all con servation laws can be recovered in functional quan tum theory, cf. I. If in functional space the projec tion into the lepton-quark representation is per formed, the projection relations (2.15) and (2.16) are compatible with the original U\-gauge group of 4»(a;), but they do not admit a separate definition of a lepton number and a quark number, resp. baryon number. Hence the theory does separately neither contain lepton number conservation nor baryon number conservation, only the total number of baryons and leptons is conserved.
In previous stages of elementary particle theory such a property was considered to be unacceptable. However, the recent development of grand unified gauge theories which was initiated by Pati and Salam [11] , has drastically changed the situation.
In these theories it is assumed that the only exact symmetries are gauge symmetries, such as SU3 color and U1, which guarantee color-and electromagnetic charge conservation resp. There are no exact gauge symmetries associated with baryon number B or lepton number L conservation, and it is therefore expected that they are violated, cf. Ellis [12] . We therefore assume that the absence of a separate baryon number and lepton number conservation in functional quantum theory of the nonlinear spinor field is not a serious drawback of this approach which necessitates its rejection. On the other hand, in grand unified gauge theories, lepton-baryon con version processes cannot take place in an unlimited way. Such processes rather underlie certain restric tions. We will at least qualitatively demonstrate that functional quantum theory of the nonlinear spinor field produces similar results. Due to quark confinement a lot of lepton-baryon conversion proc esses is excluded, which at least partially simulates a separate lepton, resp. baryon, conservation law. In functional quantum theory of the nonlinear spinor field quark-confinement is achieved by uni tarization. Hence in order to study approximate lepton, resp. baryon, conservation we have to study unitarization. A correct relativistic invariant uni tarization method was given by Stumpf and Schee rer [13] . We qualitatively discuss its application to the two-fermion sector and draw conclusions with respect to selection rules for lepton-baryon con version processes. a) We sonsider lepton-lepton scattering processes by assuming the initial state functional to be given by I 5(«is2)>O = <0| : Hs 1) 1(S2): |Z, h , l , fc2> | D0> (4.1)
i.e. a configuration of two ingoing leptons. Due to the dynamical law, i.e. the scattering functional equation (3.10), resp. (3.15), lepton-quark con version processes take place during the scattering process, i.e. in the scattering functional calculation, provided that the kinematical conditions are satis fied. According to the unitarization procedure, such processes can be suppressed in the final result of the scattering calculation by the addition of unobservable ghost configurations Hence the addition of such ghost configurations produces for lepton-lepton scattering the conserva tion of the lepton number. b) We consider the two-quark sector. Scattering processes between two quarks are forbidden. Hence we do not study initial conditions with ingoing quark configurations. The suppression of forbidden con figurations in the initial, resp. boundary conditions is not a m atter of the dynamical law. Rather the selfconsistent treatm ent of quark confinement re quires this subsidiary condition for the initial con figurations. Therefore, only the two-quark bound states remain. These states are represented by the non-local (q ® q)-boson states of Section 3. These states do not diagonalize the full functional equa tion. Rather in the bound state interaction repre sentation interaction terms remain, which represent the higher order selfenergy corrections to the non local bosons. It cannot be excluded that by these terms the stability of the bound boson state is violated, i.e. th at such a non-local boson decays into free quark or free lepton configurations, resp. mixed free quark-free lepton configurations. The suppression of any such decay processes can be formulated by conditions imposed on the scalar product of the state in consideration with corre sponding outgoing configurations. For the fulfil ment of these conditions only the unobservable free ({7 ® 0-> (9 ® Q)-and (g ® g)-configurations are available. These admixtures allow only to suppress the decay of the non-local (q ® g)-boson into free (q ® q)-states and free (q (x) I)-states, but not to suppress simultaneously the decay into free (l®l)-states. For a simultaneous suppression of both kinds of decays the number of conditions exceeds the number of possible admixtures and this cannot be fulfilled. Hence a (q ® q)-boson decay into leptons cannot be forbidden.
Similar considerations can be performed for higher fermion sectors. Summarizing and generalizing the results we may conclude that the lepton number for leptonic processes may be assumed to be conserved, but that baryon decay processes into the lepton sector cannot be excluded. These conclusions quali tatively coincide with the results of grand unified gauge theories. For instance, Pati and Salam [11] obtain from their model the non-electromagnetic decay of pions and kaons into leptons as well as the proton decay into leptons. Kane and Karl [14] give a list of possible proton and neutron decay modes within a minimal SU5 gauge theory and Ellis [12] discusses the various elementary gauge boson ex change processes which lead to baryon number as well as fermion number violation. A more detailed discussion of such processes in the functional quan tum theory of the spinor field, however, is only pos sible if numerical calculations are performed. I t is the intention of this paper to provide an appropriate framework for such calculations.
